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In this study, the growth of a short edge crack during more than 14 000 cycles of fatigue loading is inves-
tigated in detail. An edge crack, in a semi-inﬁnite body with no pre-existing obstacles present, is mod-
elled in a boundary element approach by a distribution of dislocation dipoles. The fatigue cycles are
fully reversed ðR ¼ 1Þ, and the load range is well below the threshold for long fatigue cracks. The devel-
oping local plasticity consists of discrete edge dislocations that are emitted from the crack tip. The move-
ments of discrete dislocations are restricted to slip along preferred slip planes. The present model is
restricted to a 2D plane strain problem with a through-thickness crack, assuming no 3D irregularities.
A remote load is applied perpendicular to the crack extension line, and the material parameters are those
of a BCC crystal structure. The competition between inﬂuence of the global loading on and local shielding
of the crack tip governs the crack growth. The growth rate increases in discrete steps with short periods of
retardation, from approximately the size of Burgers vector, b, up to 25 b per cycle as the length of the
crack is tripled. The plastic zone changes from having an elongated, slender form to include a low angle
grain boundary, which, eventually, divides into two parts. The crack growth is found to change from con-
stant acceleration to constant growth rate as the event of the low-angle grain boundary split is
approached. The results are compared to long crack characteristics, for which linear elastic fracture
mechanics and Paris law can be used to predict fatigue crack growth. The exponent in Paris law varies
between 1 and 0 in the present study, i.e. smaller than typical values for ductile BCC materials. The ratio
between static and cyclic plastic zone sizes is found to increase during crack growth, and the angle of the
general plastic zone direction increases, showing a tendency towards long crack values. The characteris-
tics of the simulated crack growth, found in the present study, are typical for below-threshold growth,
with slow acceleration, constant growth rate, and, eventually, either arrest or transition to long crack
growth behaviour, as reported in the literature.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Short cracks are known to grow anomalously during fatigue
loading as compared to long cracks, cf. Pearson (1975). So-called
microstructurally short cracks are strongly inﬂuenced by the
microstructure. For example, precipitates, grain boundaries and
possible slip systems in crystalline materials affect the crack
growth, both directly and indirectly, through the development of
local plasticity, cf. Suresh (1991). The experimental observations
of such inﬂuences are numerous. In e.g., Andersson and Persson
(2004) and Jacobsson et al. (2008), in situ SEM micrographs clearly
demonstrate the inﬂuence of microstructure on fatigue crack
growth in a nickel-based superalloy. In studies of small crack
growth in ultra-ﬁne grained aluminium under fatigue loading con-
ditions, Zhang (2000) showed that cracks grew along shear bandsll rights reserved.
én).emanating from the crack tip. Jono et al. (2001) observed short fa-
tigue cracks in a body centred cubic silicon iron growing in a zig-
zag pattern, following preferred slip planes activated in the crack
tip vicinity. In Shen et al. (1988), it was demonstrated that grain
boundaries can act both as dislocation barriers and as sources for
dislocation emission, thus inﬂuencing the crack path.
The possibility of prediction of the growth rate for short cracks
is limited as compared to what is the case for long cracks, where
linear elastic fracture mechanics (LEFM) holds and Paris law ap-
plies. Short cracks are known to grow below the threshold value
for long cracks, and the growth rate can here exceed that of long
cracks. The crack might accelerate, decelerate or even arrest in this
low load region, all governed by the history of the emerging plas-
ticity, cf. Bjerkén (2005).
When crack growth rates are of the order of Burgers vectors, the
growth must be modelled taking the discreteness of dislocation
generation and movement into account, cf. Riemelmoser et al.
(1998), Bjerkén (2005), Hansson and Melin (2006). Assuming crack
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Fig. 1. Schematic illustration of the geometry and loading of the edge crack.
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newly emitted dislocations push previously emitted ones further
away from the crack tip region. However, at the same time, the dis-
locations are held back by the slip resistance (friction stress) of the
crystal lattice. This may lead to pile-ups of dislocations, even
though no obstacle, such as a grain boundary, is present.
Previous studies have shown that grain boundaries may stop
crack growth by hindering the plasticity to expand. Theoretical
studies can be found in e.g. Bjerkén (2005), Hansson and Melin
(2008a), or Doquet (1998), and experimental considerations in
e.g. Shen et al. (1988) and Ohr (1985). It is also possible that emit-
ted dislocations line up, to form a low-angle grain boundary (LAGB)
of ﬁnite length. Such a low-angle grain boundary may cause the
crack to retard and, eventually, arrest or, alternatively, accelerate
it into the neighbouring grain, cf. Bjerkén and Melin (2008) and
Hansson and Melin (2008b).
Another possible scenario considering short fatigue crack
growth is that, while the crack growth rate increases, the shielding
effects from the plastic zone is reduced due to the advancement of
the crack tip relative to the static plastic zone, leaving the plasticity
behind. In such a situation, eventually, newly emitted dislocations
can pass the plastic zone dislocation barrier and form a new group
of dislocations, geometrically resembling the initial plastic zone
barrier. This behaviour was found for long cracks by Riemelmoser
and Pippan (1997a). They also reported that, as a breakthrough like
this occurred, the crack growth rate increased during that particu-
lar cycle. The pattern then repeated, resulting in a striated crack
surface with striation spacing corresponding to the cycle spacing
were a breakthrough of dislocations occurred.
In this study, a technique developed by the authors, cf. Bjerkén
and Melin (2003a), is used to study the long term growth behav-
iour of a short mode I fatigue crack, resulting from and inﬂuenced
by the development of the plastic zone in terms of discrete disloca-
tions. In earlier studies, the authors have investigated the inﬂuence
of grain boundaries in the neighbourhood of the tip of a short crack
Bjerkén and Melin, 2003b, and the inﬂuence from various load se-
quences Bjerkén and Melin, 2004. These investigations mainly con-
cerned the growth behaviour during the initial stages of crack
growth, but in Bjerkén (2005), the growth of a short fatigue crack
was followed for more than 5000 cycles under inﬂuence of grain
boundaries located at varying distances from the crack tip.
In this paper, a long term simulation, comprising more than
14 000 load cycles and resulting in a ﬁnal crack length of about
three times the initial crack length is performed, assuming that
no grain boundary or other obstacle exist in the crack tip neigh-
bourhood, inﬂuencing the crack extension. The aim is to investi-
gate, in detail, the inﬂuence from the developing local plasticity,
formed by dislocations emitted from the crack during growth, on
the crack growth rate. Special attention is devoted to dislocation
pattern, size and shape of the plastic zone, and to the possibility
of the formation of LAGBs.
It should be emphasized that in this study no pre-existing
obstacles, such as precipitates, grain boundaries or lattice defects,
are included in the model. These assumptions, of course, lead to
an idealized situation found only in a perfect single crystal. In sev-
eral papers by Needleman and others (cf. Cleveringa et al. (2000),
van der Giessen and Needleman (2003), Balint et al. (2005)) crack
growth in an environment with a random distribution of disloca-
tions and Frank–Read sources has been studied. In their studies,
the crack growth was modelled using a cohesive zone, where the
crack tip was not considered a dislocation source. In the present
study, the only microstructural features taken into account are
the preferred slip planes and the lattice friction on these planes.
However, the present investigation hopefully contributes to the
overall understanding of how discrete events at a microstructural
level may inﬂuence short fatigue crack growth. A combination ofthe technique developed by Cleveringa et al. (2000) and the pres-
ent one may render a method to further explore the characteristics
of short fatigue crack growth.
2. Problem formulation
The modelled problem is restricted to focus on short fatigue
crack growth during several thousands of load cycles, where the
only mechanism for hindering dislocation movements is the lattice
friction. The geometry is reduced to two dimensions assuming
plain strain conditions, and, thus, a through-thickness crack is con-
sidered, and it is assumed that the dislocation processes take place
parallel to the crack front, without 3D irregularities. Only geomet-
rically necessary edge dislocations are considered, and the only
dislocation source is the crack tip.
In this study, a linear elastic and isotropic material is considered
in which discrete dislocations can glide on slip planes. The shear
modulus is l and Poisson’s ratio m. The crystal structure of the
material is body centred cubic, BCC. In this type of materials, the
dislocations preferably move by full slip. Thus, partial dislocations
do not have to be taken into account in the model, cf. Hull and Ba-
con (2001).
Consider a semi-inﬁnite body with a through-thickness edge
crack oriented in the x direction perpendicular to the free edge,
see Fig. 1. A cyclic remote load, r1, is applied parallel to the free
edge in the y direction, and plane strain is assumed to prevail.
The initial length of the crack is denoted a0, the crack length a,
and the angle between the growth direction and the preferred slip
planes h. The shortest perpendicular distance between neighbour-
ing parallel slip planes is the length of Burgers vector, b. Disloca-
tions are illustrated with the symbol ?. Since it is a plane
problem, the dislocation processes take place parallel to the crack
front.
The crack grows by emitting discrete dislocations from the
crack tip, and the developing local plasticity dues to these geomet-
rically necessary dislocations. The crack tip is assumed to be the
only dislocation source, and the emitted dislocations are of pure
edge character. In this simpliﬁed model, dislocation nucleation at
other locations, like Frank–Read sources, is not included. The crack
grows corresponding to the number of dislocations emitted from
the crack tip. A dislocation that is emitted is considered to be the
positive part of a dislocation pair. The negative counterpart is left
at the crack tip, and, thus, leads to crack tip blunting. The disloca-
tions are restricted to glide along their slip planes, i.e. climb is not
allowed. The resolved shear stress experienced by a dislocation
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ment. During reversed loading, dislocations may return to the
crack surface, and a dislocation is annihilated there as it meets
its corresponding negative counterpart.
The crack grows in pure mode I, and, thus, the subscript I is left
out as stress intensity factors are addressed. The stress state at the
crack tip is measured with a local stress intensity factor, klocal,
which is found by reducing the global stress intensity factor,
K ¼ Yr1 ﬃﬃﬃﬃﬃﬃpap , with the shielding effect from the local plasticity,
cf. Lin and Thomson (1986). Here, the factor Y is set to 1.1215
and accounts for the free edge. When klocal reaches a critical value,
ke, the crack grows by emitting one dislocation on each of two
symmetrically placed slip planes that emerge from the present
crack tip, see Fig. 1. Due to the symmetry about the x axis, only
the events in the upper part, y > 0, will be referred to in the follow-
ing. The crack propagates a distance b= cos h at each emission
event, corresponding to the distance between slip planes projected
onto the x direction. During reversed loading, the crack may close.
However, the crack is assumed not to re-weld. Further, overlap of
crack ﬂanks is restricted.
The material parameters are those of a BCC material at room
temperature. The choice of magnitude of the lattice friction is
rather arbitrary, but is chosen to scrit ¼ l=2000 according to Riem-
elmoser and Pippan, 1997a,b. For iron, BCC-Fe, l ¼ 80 GPa, giving
scrit ¼ 40 MPa. This is considered a reasonable value, since for
BCC materials scrit typically vary between 35 and 70 MPa, see Aske-
land, 1996. The critical local stress intensity factor for the disloca-
tion emission criterion is ke ¼ 0:4l
ﬃﬃﬃ
b
p
, in accordance with e.g.
Riemelmoser and Pippan, 1997a.
The minimum external load needed to initiate crack growth of
the initial crack is denoted r10 , and corresponds to ke through
r10 ¼
ke
Y
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa0
p : ð1Þ
The external load r1 is varied between a maximum load r1max and a
minimum load r1min ¼ r1max, i.e. the load cycle is fully reversed
with stress ratio R ¼ 1.
3. Computational method
The herein adopted numerical method is earlier developed by
the authors Bjerkén and Melin, 2003a. Dislocation dipole elements
are used to model the crack itself by a boundary element approach.
The elements are distributed along 0 < x < a for y ¼ 0. A dipole
element consists of two dislocations located with a ﬁnite distance
between each other, l, and have opposite directions of their Burgers
vectors but are of the same magnitude, B, see Fig. 2. These disloca-
tions are placed at the end points of an element with a collocation
point (coll) at the centre. Due to the symmetry of the problem, only
mode I opening is considered, and, thus, dipoles of opening charac-
ter are sufﬁcient. The elements are distributed along the crack so
that the shortest elements are placed near the crack tip, and the
longest at the crack mouth at the free edge.
The stress ﬁeld of the system is computed using inﬂuence func-
tions for dislocations, and in the case of an edge crack these inﬂu-
ence functions include the effect from the free edge. For more
details on inﬂuence functions cf. Hills et al. (1996). The principlecoll
B(xcoll)
y
x B(xcoll)
l(xcoll)
Fig. 2. Dipole element of opening character.of superposition is used to ﬁnd the stress ﬁeld for the total system,
by taking in to account the external applied stress as well as the
contributions from both dipole elements and eventual discrete dis-
locations, the latter all having the magnitude equal to the Burgers
vector of the slip system in question of the material, b. The crack
opening displacement vðx;0Þ, i.e. half the magnitude of the dipole
in an element, v ¼ B=2, is found through equilibrium by demand-
ing that the parts of the crack being open remain stress free. The
principles for the stress ﬁeld calculations are described in detail
in Bjerkén and Melin, 2003a.
Using an iterative process, the equilibrium positions of all dislo-
cations, emitted from the crack tip and forming the plasticity, are
found by moving the dislocations that experience a resolved shear
stress exceeding the lattice friction. The distance a dislocation is al-
lowed to slip during one iteration is governed by the size of the re-
solved shear stress at its momentary position, the distance to other
dislocations and to the crack tip, and also by whether a critical
event, such as i.e. a change in size of the plastic zone, is expected
to take place or not. For very critical situations, slip distances as
small as one Burgers vector are used. If a too large slip distance
is allowed, there is a risk that the closest equilibrium state will
not be found.
In this long term simulation, not all load cycles are investigated
in detail. Instead a routine is added to the computational method
to track cycles during which important events take place. Such
events are increase or decrease in crack growth rate, change of
number of dislocations left in the static plastic zone after a full load
cycle, and signiﬁcant redistribution of dislocations. After such an
important cycle is found, a large number of cycles (100) in the sim-
ulation are skipped, assuming that they have the same characteris-
tics as the latest important cycle. This assumed self-similarity is
checked by simulating the ﬁrst cycle to follow the skipped cycles.
If it is found that no changes occur, another 100 cycles are skipped.
However, if changes are detected, a simple bisection method is
used to ﬁnd the exact cycle where this change ﬁrst takes place.
The routine is then repeated, so that all characteristics during crack
advance are tracked.4. Results and discussion
In the present study, the initial crack length a0 equals 80000b,
and the angle between the slip plane and the crack line h ¼ p=4,
see Fig. 1. Up to 2000 dipole elements are distributed along the
crack. The shortest elements that are used in the crack tip region
have a length of b=ð4 cos hÞ ¼
ﬃﬃﬃ
2
p
b=4. Each load cycle is divided into
approximately 250 increments. These increments are also of differ-
ent size and are chosen to be small during parts of the load cycles
where emission and annihilation events are expected. The crack
growth is followed in detailed for more than 14 000 cycles.
The simulation starts at minimum crack growth rate, i.e.
da=dN ¼ b= cos h, which is achieved for r1max ¼ 1:1r10 . The corre-
sponding stress range Dr1 ¼ 2:2r10 . In the very ﬁrst cycle, a few
dislocations are emitted and only one returns to the crack tip to
be annihilated there. The discrete dislocations remaining within
the material after a load cycle forms the static plastic zone. Since
a cyclic change of the plasticity is the prerequisite for fatigue crack
growth, both emission and annihilation of dislocations must take
place during a load cycle to obtain crack growth. The here chosen
stress range results in the smallest possible crack growth rate, i.e.
the emission of one dislocation per cycle during the ﬁrst load cy-
cles. With a smaller stress range, the crack also emits a few dislo-
cations in the very ﬁrst cycle. However, none of these returns to the
crack to be annihilated there, and in the following cycles the
shielding of the crack tip will remain the same as in the very ﬁrst
cycle, and no emission, i.e. crack growth, will occur.
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Fig. 3. Crack opening at maximum and minimum loads in cycle 11 135, (a) for the entire crack with an enlarged opening, for clarity, and (b) for the tip region with equal
scaling of the axes. Both the displacement v and the distance ðx a0Þ are normalised with b.
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crack are presented, such as crack growth rate, dislocation pat-
terns, and static and cyclic plastic zones.
4.1. Details on crack growth and local plasticity
During the fatigue crack growth, discrete dislocations are emit-
ted and annihilated in every cycle. As the crack grows by emitting
dislocations from the crack tip, the corresponding negative disloca-
tions are left behind at the crack tip. These dislocations contribute
to the crack tip opening, resulting in a blunted crack tip. Fig. 3
shows the displacements of the crack ﬂanks, v, at maximum load
after 11 135 cycles. This vertical displacement is magniﬁed com-
pared to the crack length to show the shape of the entire crack.
The blunted crack tip is clearly seen. This blunting is caused by
the emission of totally 17 new dislocations. At x ¼ a0, a step is seen
on the crack surface that corresponds to the ﬁrst load cycle during
which an initial static plastic zone, consisting of six dislocations
out of seven emitted and one annihilated, was created. In Fig. 3b,
a close-up of the crack tip, with equal scaling of the axes, shows
that the blunted shape actually is a notch.
Once a static plastic zone is formed, negative dislocations are
permanently stuck at the crack faces. This means that a localized
crack opening is present at these sites, even at fully reversed load.
Fig. 4 shows such localized opening along the crack in the vicinity
of the crack tip, corresponding to the dotted lines in Fig. 3.
Fig. 5a shows the distribution of dislocations that constitute the
plasticity at maximum load for the same cycle as in Fig. 3. Near the8.2 8.4 8.6 8.8 9
x 104
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Crack tip
Fig. 4. Crack opening at minimum load in cycle 11 135 due to remaining negative
dislocations along the crack surface in the vicinity of the crack tip.crack tip, the dislocations are seen to be closely spaced at maxi-
mum load. During unloading in a load cycle, all or most of, the
newly emitted dislocations return to the crack, causing a re-sharp-
ening of the crack tip, see Fig. 4. The dislocations left within the
material after unloading in the considered cycle are shown in
Fig. 5b. These constitute the static plastic zone, while the repeated
events of dislocation emission during loading and annihilation dur-
ing unloading deﬁne the cyclic plasticity. The occasions for these
events to take place during a typical cycle are shown in Fig. 6. It
is found that emission, i.e. crack growth, for all load cycles takes
place at relatively high loads, while annihilation is more spread
during the unloading part of the load cycle. For relatively low
growth rates, all annihilations occur at negative loads, while for
higher growth rates the events are spread over both positive and
negative load levels.
4.2. Crack growth rate
In Fig. 7, the crack growth rate, da=dN, is plotted versus the glo-
bal stress intensity factor range, DK , normalised with DK0 ¼ 2ke.
During the very ﬁrst load cycle, the crack growth rate corresponds
to the emission of seven dislocations, i.e. da=dN ¼ 7b=
cosðp=4Þ  10b. Then, for the following hundred cycles, the crack
growth will stay at minimum rate, emitting only one dislocation
per cycle. As the crack grows, K increases and the emission rate will
eventually increase to two dislocations per cycle. The static plastic
zone moves further away from the crack, and if a newly emitted
dislocation joins the static plastic zone, the shielding of the crack
increases, thus reducing the growth rate in steps. This stepwise
increasing and decreasing of da=dN is seen in Fig. 7. Each step
down corresponds to the addition of one dislocation to the static
plastic zone. One step up means that the cyclic plastic zone is able
to host one additional dislocation.
For so called long cracks, Paris law is one of the most well
known approximations for estimating fatigue crack growth:
da
dN
¼ CðDKÞm; ð2Þ
where C is a material and load ratio dependent parameter. The
exponent m is a material constant and is typically between two
and four for ductile metallic alloys, cf. Suresh, 1991. For the short
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Fig. 5. Dislocation patterns at (a) maximum and (b) minimum load, respectively, for cycle 11 135. The locations of the dislocations are marked with dots ().
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Fig. 6. Load levels (marked with *) at which emission and annihilation of
dislocations take place during a typical load cycle.
1 1.2 1.4 1.6 1.8
0
10
20
30
40
da
/d
N 
/b
Δ K /Δ K0
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Fig. 8. Typical fatigue crack growth behaviour for long and short cracks.
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found to increase nearly linearly during several thousand cycles,
see Fig. 7. For a linear relationship between growth rate and stress
intensity factor range, m ¼ 1 in Eq. (2), thus much lower than for
long cracks. This implies that crack growth estimates for long cracksmay not apply to short cracks. Furthermore, after approximately
11 000 cycles, as DK=DK0  1:5, the linear trend is broken and the
increase in rate is lowered until a constant rate is reached at
DK=DK0  1:6. The corresponding exponent m in Paris law then be-
comes equal to zero. Both linearly increasing and constant growth
rates were earlier found by Bjerkén (2005), and also decreasing
rates were reported for cracks growing close to high angle grain
boundaries. The NR-model by Navarro and de los Rios (1988) gives
a monotonic decrease for crack propagation towards such grain
boundaries. Anomalies in fatigue growth rate like these are typical
for the region below the threshold value DKth for long crack growth,
cf. Suresh (1991, 1986). An schematic illustration of typical crack
growth behaviour for both long and short cracks is given in Fig. 8.
At the end of this long term simulation, when a=a0  3, a sud-
den increase in growth rate is achieved, see Fig. 7. This change in
growth rate dues to a radical redistribution of the dislocation pat-
tern in the local plastic zone, and is discussed in the next
subsection.
With material data for BCC-Fe the stress intensity factor ranges
investigated in this study, DK , are between 1 and 1:8 MPa
ﬃﬃﬃﬃﬃ
m
p
. For
long crack growth in Fe-alloys, it is reported that DKth ¼ 3MPa
ﬃﬃﬃﬃﬃ
m
p
or larger, cf. Suresh, 1991, 1998, indicating that the present results
reﬂect the growth behaviour of short fatigue cracks.
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The distribution of dislocations vary drastically at some occa-
sions during this long term simulation. The dislocation pattern
within the static plastic zone seems to develop in several stages.
Fig. 9a–h show the distribution of the dislocations at minimum
load for eight selected load cycles. The locations of the dislocations
are marked with stars (*). The crack is shown as a horizontal line in0 2 4 6
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the static plastic zone is deﬁned as the distance between the pres-
ent crack tip and the dislocation the furthest away from the crack
tip at minimum load, and is seen to increase monotonically.
The dislocations emitted in the ﬁrst load cycle form an initial
plastic zone with dislocations on each successive slip plane with
a decreasing distance between them in the slip line direction, see
Fig. 9a. The static plastic zone size is here of the order of the crack4 6
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tic. In the following several thousand cycles, new dislocations will
join the static plastic zone, leaving a few hundred empty slip
planes between them, Fig. 9b. The sizes of both the static and the
cyclic plastic zones increase due to the increased number of dislo-
cations repelling each other within the zones, and due to the in-
creased crack length, an increase of K is obtained.
Gradually, the distances between the dislocations within the
static plastic zone decrease. Concurrently, the distance between
the presently active slip plane and the last slip plane housing a dis-
location in the static plastic zone increases until the pattern sud-
denly changes. After approximately 9000 cycles, the dislocations
start to line up to create a dislocation wall, or a short low-angle
grain boundary, cf. Fig. 9c. Dislocations with the same Burgers vec-
tor normally repel each other, except in a narrow region. However,
as the distance between the dislocation slip planes increases, the
region of attraction also expands. Thus, if a dislocation manage
to enter the attractive region, it will be trapped there, and ﬁnd
its equilibrium position on line with the dislocations in the attrac-
tion zone, perpendicular to the direction of its Burgers vector, cf.
Hull and Bacon, 2001. The length of this LAGB successively in-
creases by additional dislocations. In this study, the deviation angle
of the slip direction, a, caused by the LAGB is very small, and is
approximately equal to D=b, where D is the distance between dis-
locations in the LAGB, cf. Hull and Bacon, 2001. Here, a thus is of
the order of 0.01. Still, this barrier of dislocations is effectively
hindering newly emitted dislocations to pass, cf. Fig. 9c–f. Alter-
ation between piling-up of dislocations at the end of the LAGB
and adding of new dislocations to the LAGB constitutes the devel-
oping dislocation pattern between approximately the cycles 9500
and 13 800. During this stage of crack growth, the growth rate is
reaching a constant level withm ¼ 0 as earlier described, see Fig. 7.
It is also seen in the sequence in Fig. 9, that as a LAGB exists, the
distance increases in between the dislocation that are further away
from the crack tip than the LAGB. This means that the size of the
static plastic zone increases, and in Fig. 9d–f, it is found to be twice
the crack length. The LAGB grows longer, and, eventually, it starts
to bend somewhat. The dislocations further away from the crack
tip give dominantly repelling forces at one end of the LAGB, and
the other end is repelled by the dislocations in the cyclic plastic
zone together with the stress concentration created due to the
crack. At this stage, the number of emitted dislocations during a
load cycle are more than 20, and all these are conﬁned to move be-
tween the LAGB and the crack tip during cycling, cf. Fig. 5. The
bending of the LAGB can be thought of as deformation of a beam
loaded at its ends, but with restricted rotations there. Such a beam
being increasingly loaded will eventually break at its inﬂection
point. The resemblance with the beam behaviour is obvious when
comparing Fig. 9f and g. These ﬁgures represent load cycles 13 848
and 13 849, respectively, and show that the instance of breakage of
the LAGB takes place during a single load cycle, or, more precisely,
at maximum load in the former cycle. The parallel to fracture of a
beam also makes it likely that the two parts of the broken LAGB
slips apart. In Fig. 7, the abrupt increase in growth rate found for
DK=DK0 approximately equal to 1.75 corresponds to splitting of
the LAGB. The part of the LAGB that ﬁnds its equilibrium location
near and behind the crack tip, see Fig. 9g, acts onwards as a hinder
that can diminish the cyclic plastic zone, thus changing the crack
growth rate. However, the present long term simulation of a prop-
agating microstructurally short fatigue crack was not performed
beyond this point. Presumably, the crack will continue to grow,
repeating the development of the plastic zone pattern including
new short LAGBs, and, eventually, reach the long crack region.
The shielding of the crack tip, due to the dislocation distribution
in the crack tip vicinity may alternatively cause arrest of the crack.4.4. Plastic zone size and angle
The static and cyclic plastic zone sizes during crack extension,
normalized with respect to initial crack length a0, are presented
in Fig. 10 as functions of normalized crack length, a=a0. The size
of the static plastic zone, rstatp , is measured as the distance between
the present crack tip position and the dislocation furthest away
from the tip at minimum load. The cyclic plastic zone, rcyclp , is, at
maximum load, measured as the distance from the present crack
tip to the dislocation furthest away from the crack tip that annihi-
lates during unloading.
As seen from Fig. 10, the static plastic zone increases monoton-
ically up to the point a=a0  3, where a decrease is observed, fol-
lowing directly after a small but steep increase in rstatp . This event
corresponds to the split of the formed LAGB into two, cf. Fig. 9g.
The cyclic plastic zone, on the other hand, increases only slowly
up to this point of dislocation re-distribution. A sudden doubling
of rcyclp occurs, where after the cyclic plastic zone, in practice, disap-
pears for a few cycles. This is due to the shielding of the crack tip
region after the relocation of dislocations due to the LAGB split,
with following change in static plastic zone appearance. As seen
from Fig.9h, dislocations in the static plastic zone are, at this stage,
located in the very crack tip vicinity, effectively restricting disloca-
tion movements and, thus, reducing the cyclic plastic zone size.
For a stationary crack, the static plastic zone size can be esti-
mated by the Dugdale model, c.f. Dugdale (1960). The correspond-
ing cyclic plastic zone size, rcyclp , assuming a stationary crack and
RP 0, is one quarter of rstatp . A comparison with Fig. 10 for
a=a0 ¼ 1 shows that, in the present case, rcyclp =rstatp  0:3. Thus, the
Dugdale model reﬂects the situation quite well even if, in the pres-
ent case, R ¼ 1.
For a steady state growing fatigue crack, Budiansky and Hutch-
inson (1978), from a complex potential formulation following
Muskhelishvili (1977), showed that the cyclic plastic zone size
never exceeds 10% of the maximum static plastic Dugdale zone
size. In the present case the ratio rcyclp =rstatp is seen to decrease with
crack length. Just prior to the split of the LAGB, rcyclp =rstatp is about 1/
6. A steady state situation will most probably show passing of dis-
locations beyond the split LAGB, cf. Fig. 9h, followed by formation
of a new LAGB which, eventually, will split, and so forth. The static
plastic zone is, during these events, expected to increase monoton-
ically, and the cyclic plastic zone is expected to recover as the crack
extends. A steady state situation is, however, not reached within
this simulation, but it could be anticipated that no drastic changes
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recovery. Thus, the ratio rcyclp =rstatp is expected to decrease. The
events forming a steady state situation would be consistent with
the striation formation obtained in the simulations by Riemelmo-
ser et al. (1998) for a long mode I crack.
In Fig. 11, the angle between the horizontal crack growth direc-
tion and a line from the present crack tip to the dislocation furthest
away from the crack tip at maximum load is seen as a function of
the normalised crack length a=a0. As seen from the ﬁgure, the angle
starts at 45 (which equals the slip plane angle h) and increases
monotonically, tending towards long crack plastic zone
appearance.
4.5. Final remarks
Obvious from this study is that, even if no microstructural
obstacles initially are present to inﬂuence the crack, a microstruc-
ture in terms of low-angle grain boundaries might emerge sponta-
neously within the plastic zone. In an earlier study by one of the
authors Bjerkén, 2005, it was found that crack growth near a high
angle grain boundary might render sudden rearrangements of
dislocations due to discrete events. This suggests that there is a
possibility that short fatigue crack growth can cause a transforma-
tion of the microstructure locally, e.g. shrinkage of the grain size
through the formation of low angle grain boundaries. Even if a
low-angle grain boundary, in itself, constitutes a rather weak
hinder to dislocation passage, it still might inﬂuence the crack
advance signiﬁcantly, cf. Hansson and Melin (2008b) and Bjerkén
and Melin, 2008. The authors suggest that this phenomenon might
be one aspect to take into account when judging short fatigue crack
growth in relation to grain size.
The authors are aware of that the present study involves sev-
eral simpliﬁcations, and that the absence of pre-existing grain
boundaries could be unrealistic for an engineering material, ex-
cept maybe for single crystal materials. For example, for a ferrous
material with Burgers vector b ¼ 0:25 nm, the initial crack length
in this study is 20 lm. Fig. 10 shows that the distance from the
leading dislocation to the crack tip increases to more than six
times the initial crack length, i.e. to more than 120 lm. For com-
monly used steels this is probably too large a distance for not
encountering grain boundary inﬂuences. However, the aim here
is restricted to a simpliﬁed study of short crack growth during
very many load cycles, hopefully contributing to the understand-
ing of the anomalities of crack growth below the fatigue
threshold.5. Conclusions
A long term simulation of the propagation of a short edge crack,
subjected to more than 14 000 fatigue load cycles, has been mon-
itored using a discrete dislocation technique. A semi-inﬁnite body
was modelled and the material was assumed as initially defect
free, and only geometrically necessary dislocations nucleated at
the crack tip were considered. The focus has been on dislocation
conﬁgurations, crack growth rate, and on size and shape of the
plastic zone at growth in the low DK region, i.e. at load levels well
below the threshold value for long cracks.
The momentary crack growth rate is ruled by the instantaneous
dislocation arrangement constituting the plastic zone, in a compe-
tition between the externally applied cyclic load inﬂuence and the
shielding of the crack tip by the dislocations. The crack growth rate
is found to increase in discrete steps, with short periods of retarda-
tion, from approximately the size of Burgers vector, b, per cycle, up
to 25 b per cycle as the length of the crack is tripled. The average
increase is ﬁrst almost linear with applied stress intensity factor
range, giving the exponent m in Paris law equal to one. After a
number of cycles this linear trend is broken and the exponent m
slowly decreases to stabilize at m ¼ 0. Thus the exponent is signif-
icantly lower than at long crack growth, where m normally is ex-
pected to be around three for a typical ductile BCC material as
studied here.
During these phases the plastic zone develops, from initially
having an elongated form, into holding a low-angle grain boundary
that, eventually, splits in two. Due to the grain boundary split, the
crack growth rate is momentarily raised, and seams thereafter to
stabilize at a higher, but still constant, level. It is further concluded
that the ratio between static and cyclic plastic zones sizes is found
to increase during crack growth, and that the angle measuring the
plastic zone position increases, showing a tendency towards long
crack behaviour.
During development of the plastic zone, a low-angle grain
boundary spontaneously forms as a part of the static plastic zone.
Thus, the microstructure in the crack vicinity rearranges, with the
effect that the grain size in the crack tip vicinity decreases. This
should be kept in mind when discussing grain size in relation to
small crack growth. Even if a single crystal or a polycrystal material
with very large grains initially is chosen, the material might devel-
op a grain structure comprising LAGBs in the crack tip vicinity due
to the crack growth itself.Acknowledgements
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